Abstract. In this paper we give generalizations of the Hadamard-type inequalities for fractional integrals. As special cases we derive several Hadamard type inequalities.
Introduction
For the last few years many researchers have considered the field of inequalities; many extensions and generalizations of several well known inequalities have been found so far. Convexity and theory of inequalities provide fundamental assistance in various branches of mathematics, especially mathematical analysis, functional analysis etc. The Hadamard and Fejér-Hadamard inequalities are of great interest for the researchers, and their various extensions and generalizations have been found (see, [1-3, 6, 8, 11-14, 18-20] and references therein).
Convex functions play a vital role in various fields of mathematics, science and engineering.
A function f : [a, b] → R is said to be convex if In literature double integral inequality
where f : I → R is a convex function on the interval I of real numbers and a, b ∈ I with a < b, is known as the Hadamard inequality. If f is concave then the above inequalities hold in the reverse direction.
In [10] Fejér gave the following generalization of the Hadamard inequality. 
In literature above inequality is known as the Fejér-Hadamard inequality.
Nowadays the Hadamard and Fejér-Hadamard inequalities came into focus of many researchers via fractional calculus. Recently a lot of papers have been dedicated to this subject (see, [12, 17, 19] and references therein).
In [17] k-fractional Riemann-Liouville integrals are defined.
. Then k-fractional integrals of order α, k > 0 with a ≥ 0 are defined as:
where Γ k (α) is the k-Gamma function defined in [4] as:
For k = 1, k-fractional integrals give well-known Riemann-Liouville fractional integrals.
In [18] 
, where q > 1, then the following inequality holds with α > 0,
In this paper we generalize Theorem 1.2 and Theorem 1.3 via k-fractional integrals. We give also some refinements of results shown in [21] . We deduce the results of [5, 7, 18, 21] as special cases of ours.
Main results
In this section we give generalizations of Theorem 1.2 and Theorem 1.3.
We also obtain results of [7, 18] . First, we need the following lemma.
the following equality holds for k-fractional integrals:
Proof. One can have
Subtracting (2.3) from (2.2) we get (2.1).
Using above lemma we obtain the following generalization of Theorem 1.2.
, then the following inequality holds for k-fractional integrals: 
As g(t) ≤ g ∞ , so we have
Using convexity of |f | we get
from which, after a little computation, we get the required result.
Corollary 2.3. For g(s) ≡ 1 we have the following Hadamard-type inequality for k-fractional integrals: 
Proof. Obviously f has Darboux property (as a derivative). Moreover, since |f | q is convex, |f | q and hence also |f | has a bounded variation on 
Using Hölder's inequality on R.H.S of above inequality we have
Using convexity of |f | q we obtain
, from which one can get inequality (2.4).
Corollary 2.6. For g(s) ≡ 1 we have the following Hadamard-type inequality for k-fractional integrals:
Remark 2.7. For k = 1 in Theorem 2.5 we get Theorem 1.3. If we take α = 1 along with k = 1, then we get [18, Corollary 5] . If we take α = 1, g(s) ≡ 1 and with k = 1, then we get [7, Theorem 2.3] .
Refinements of Hadamard-type inequalities via k-fractional integrals
In this section we will give refinements of results proved in [21] . Then we will deduce some of the results proven in [5, 21] . 
In the next theorem we investigate properties of this function. This result is also a generalization of [21, Theorem 2.2]. We use the following lemma [21] .
Lemma 3.1. Let f : [a, b] → R be a convex function and let h be defined by
Then h is increasing and convex on [0, b − a] and 
Using convexity of f we have
Next we prove that H k α is increasing on [0, 1].
After a change of variables we obtain
dx. 
Using
We investigate properties of this function in the following theorem. This result is also a generalization of [21, Theoren 2.3]. 
